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Abstract 

In this paper we provide Galtchouk-Kunita-Wataiiabe representation results in 
the case where there are restrictions on the available information. This allows to 
prove existence and uniqueness for linear backward stochastic differential equations 
driven by a general cadlag martingale under partial information. Furthermore, we 
discuss an application to risk-minimization where we extend the results of Follmer 
and Sondermann (1986) to the partial information framework and we show how our 
result fits in the approach of Schweizer (1994). 
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1 Introduction 

This paper provides two main contributions. First, we prove Galtchouk-Kunita-Watanabe 
representation results in the case where there are restrictions on the available information 
and we show an application to risk-minimization. Second, as an important consequence, 
we prove existence and uniqueness for linear backward stochastic differential equations 
(in short BSDEs) driven by a general cadlag martingale under partial information. 
For BSDEs driven by a general cadlag martingale beyond the Brownian setting, there 
exist very few results in literature (see and more recently [l[ and 01, as far as we are 
aware). Here we study for the first time such a general case in the situation where there 
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are restrictions on the available information, that represents an interesting issue aris- 
ing in many financial problems. Mathematically, this means to consider an additional 
filtration EI smaller than the full information flow F. A typical example arises when 
l-Lt = ^{t-T)+ where r G (0,r) is a fixed delay and {t — t)+ := max{0,t — r} and T 
denotes a time horizon. 

We start our investigation by considering BSDEs of the form 

Yt = i- r ZsdMs -{Or-Ot), 0<t<T, (1.1) 



driven by a square-integrable (cadlag) martingale M = {Mt)o<t<T, where T > is a fixed 
time horizon, ^ € L'^(r2, Jy-, P; Mj^ denotes the terminal condition and O = {Ot)o<t<T 
is a square-integrable F-martingale with Oq = 0, satisfying a suitable orthogonality 
condition that we will make more precise in the next section. 

We look for a solution (Y, Z) to equation (|l.ip under partial information, where Y = 
(Yj)o<t<T is a cadlag F-adapted process and Z = {Zt)o<t<T is an H-predictable process 



such that E \Zt\^d{M)t < oo. 

To this aim, we prove a Galtchouk-Kunita-Watanabe decomposition in the case where 
there are restrictions on the available information. More precisely, we obtain that every 
random variable ^ G L^(Q, J^j^, P; R) can be uniquely written as 

C = Uo+ / H^dMt + Or, P-a.s., (1.2) 



< oo. 



where = (ff^)o<t<r is an H-predictable process such that E [i^^pd(M)t 
To the authors' knowledge such a decomposition has not been proved yet in the existing 
literature. We will see that decomposition (|1.2p allows to construct a solution to the 
BSDE (|l.ip and ensures its uniqueness in this setting. 

Moreover, we are able to provide an explicit characterization of the integrand process 
given in decomposition (|1.2p in terms of the one appearing in the classical Galtchouk- 
Kunita-Watanabe decomposition, by using H-predictable (dual) projections. 
Finally, we discuss a financial application. More precisely, we study the problem of 
hedging a contingent claim in the case where investors acting in the market have partial 
information. Since the market is incomplete we choose the risk-minimization approach, 
a quadratic hedging method which keeps the replicability constraint and relaxes the self 



financing condition, see [6| and |14| | for further details. As in [6| and [13|, we consider the 
case where the price process is a martingale under the real world probability measure. 
In j^, under the case of full information, the authors provide the risk- minimizing hedging 
strategy in terms of the classical Galtchouk-Kunita-Watanabe decomposition. Here, 
by using the Galtchouk-Kunita-Watanabe decomposition under partial information, we 
extend this result to the case where there are restrictions on the available information. 
Finally, thanks to the explicit representation of the integrand process appearmg m 
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decomposition ()1.2p . we find the same expression for tlie optimal strategy in terms of the 
Radon-Nikodym derivative of two H- predictable dual projections, that is proved in 
The paper is organized as follows. In Section [2] we give the definition of solution to 
BSDEs under partial information. Section|3]is devoted to prove existence and uniqueness 
results for the solutions, which are obtained by applying the Galtchouk-Kunita-Watanabe 
decomposition adapted to the restricted information setting. The explicit representation 
of the integrand process appearing in (|1.2p can be found in Section 21 Finally, an 
application to risk-minimization is given in Section [5j 



2 Setting 



Let us fix a probability space (fi, J^, P) endowed with a filtration F := {J't)o<t<T, where 
J-t represents the full information at time t. We assume that J-y = T. Then we consider 
a subfiltration EI := {7it)o<t<T of F, i.e. Tit C J^^, for each t G [0,T], corresponding to 
the available information level. We remark that both filtrations are assumed to satisfy 
the usual hypotheses of completeness and right-continuity, see e.g. [12\ . 
For simplicity we only consider the one-dimensional case. Extensions to several dimen- 
sions are straightforward and left to the reader. The data of the problem are: 

• an M- valued square-integrable (cadlag) F-martingale M = {Mt)o<t<T with F- 
predictable quadratic variation process denoted by (M) = {{M, M))Q<t<T', 

• a terminal condition ^ E L^(r2, J-^^, P; M). 
Definition 2.1. A solution of the BSDE 



i: 



ZsdMs-{OT-Ot), 0<t<T, 



(2.1) 



with data (CH) under partial information, where O = {Ot)o<t<T is a square-integrable 
¥ -martingale with Oo = 0, satisfying the orthogonality condition 



E 



Or / ^tdMt 



0, 



for all M-predictable processes (p = {(pt)o<t<T such that E \ipt\'^d{M)t 
couple {Y, Z) of processes with values in M x R, satisfying h2.1\) such that 

• Y = (lt)o<t<T is a cadlag ¥-adapted process; 

• Z = {Zt)o<t<T is an M-predictable process such that E |Ztpd(M) 



(2.2) 

< oo, is a 



< oo. 



Remark 2.2. The orthogonality condition given in ()2.2p is weaker than the classical 
strong orthogonality condition, see e.g [11] or [12]. Indeed, set Nt = jQifgdMs, for each 

t G [0,T], where ip is an M-predictable process such that E \(pt\'^d{M)t < oo. // 



{O,M)t = P-a.s., ViE[0,r], 
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then ^ 

{0,N)t= [ ipsd{O,M)s = P-a.s., VtG[0,r]. 
Jo 

Consequently, O ■ N is an ¥ -martingale null at zero, that implies 

E[OtiVt] = o, vtG[o,r], 

and in particular condition 



Remark 2.3. Since for any M-predictable process ip, the process l(o,t] with t <T, 

is M-predictable, condition ()2.2p implies that for every t G [0, T] 



E 



and by conditioning with respect to Tt (note that O is an ¥ -martingale), we have 



E 



Ot / i^sdMs 



E 



^sd{M,0), 



vtG[o,r]. 



From this last equality, we can argue that in the case of full information, i.e., Jit = J-t, 
for each t £ [0,7"], condition ()2.2p is equivalent to the strong orthogonality condition 
between O and M (see e.g. Lemma 2 and Theorem 36, Chapter IV, page 180 of fl^J for 
a rigorous proof). 



3 Existence and uniqueness for linear BSDEs under partial 
information 



Our aim is to investigate existence and uniqueness of a solution to the BSDE (|2.ip with 
data H) driven by the general martingale M in the sense of Definition 12.11 This 
requires to prove a Galtchouk-Kunita-Watanabe representation result under restricted 
information. 

We introduce the linear subspace Cj; of L^(r2, J-y, P; M) given by all random variables rj 
of the form 



Uo € Ho, is in — predictable with E 



T 



\^t\^d{M)t 



< oo 



(3.1) 



Lemma 3.1. The set Cj: is a closed subspace o/L^(r2, J"r,P;M). 



Proof. Let Uq € Hq and (v3")neN) with = (y?")o<t<T) be a sequence of H-predictable 



processes satisfying E Jq \iff\'^d{M)t 



< oo such that the sequence 



/ if'ldMt, neN, 
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converges to some random variable rj G L^($7, J-y, P; M), as n goes to infinity. By taking 
the conditional expectation with respect to Hq, we have 



E [r]\ Ho] , as n ^ oo. 



We set C/q = E [r]\ Ho]. Since (r/" — J7^)„gr^ is a Cauchy sequence in L^(il, J-'t, 
follows that 



it 



E 



Jo 



0, as n, m — > oo. 



Consequently, ((f'^)n£n converges in to some process (p = (ipt)o<t<T & 

L^{Q,,d{M) (8) dP). Finally, since there is a subsequence converging d(M) (8> dP-a.e., the 
limit (p is necessarily an H-predictable process. □ 

Proposition 3.2. Let ^ G L^^j^^ j-^^ p. ]^)^ j/^g^g g^.^^^^ 

a unique decomposition of the 

form 



( = Uo+ [ Hf^dMt + Ot, P - a.s., 
Jo 



(3.2) 



where Uo G "Ho; is an M-predictable process such that E |if^pd(M)< 
O is a square-integrable ¥-martingale with Oo = such that E [Ot ■ t]] = 0, for every 
rjeCy;. Moreover Uo = E[^\ Ho] and E [Ot\ "Hq] = 0. 



< oo and 



Proof. The existence and uniqueness property of decomposition ()3.2p is clearly ensured 
by the orthogonal projection of the random variable ^ onto the space CTp, that is closed 
in virtue of Lemma 13.11 Since (Uq + Jq Hf^dMt) is an F-martingale, by taking the 
conditional expectation of ^ with respect to Ho in (|3.2p . we have 



E[?|?^o] =E 



Uo + 



fT 




/ Hl^dMt 


-Ho 


Jo 









r 








E 


E 


Uo+ / i/i^dMt 






-Ho 






JO 









+ E[Ot\Ho] 

+ E[E[Ot\To]\Ho] 



= E[Uo\Ho], 

where in the last equality we have used the fact that E [Ot\ J^o] = Oo = 0. Consequently 
E [Ot\ Ho] = and C/o = E [Uo\ Ho] = E [^| Ho]. This concludes the proof. □ 

Theorem 3.3. Given data (^,IHI), there exists a unique couple {Y, Z) which solves the 
BSDE (j2.ip according to Definition \2.1[ 



The space L (51, d{Af) dP) denotes the set of all F-adapted processes (p — {Lpt)o<t<T such that 



llvlU2(n,d(Af>®dP) 



\iptrd{M)t 



< oo. 
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Proof. Existence. Let Clp be the linear subspace of L^(r2, J^, P; M) introduced in ()3.ip . 
Given ^ € J-y, P; M), we know by Proposition 13.21 that there exists a unique de- 

composition of the form 



^ = Uo+ / Hf^dMt + AT, P-a.s., 

where in particular ^4 is a square-integrable F-martingale with Aq = orthogonal to all 
the elements in CJp. We use this result to construct a solution to the BSDE (|2.ip . We 
consider the orthogonal projection of ^ € J^, IR) onto this space: 

■■=Uo+ f Hl'dMt. 
^ Jo 

The couple {Uq, H), where Uq G T-Lq and is an H-predictable process in L^(J7, d(M) (8) 
dP), uniquely identifies the projection, that exists and it is well-defined since Cj: is closed. 
We set 

where (Cj:)'^ denotes the orthogonal subspace of Cj:. Here At corresponds to the 
final value of a square-integrable F-martingale A with zero initial value, that implies 
E [(, — Uo\ J-q] = 0. Clearly, we have 

Now we define the process Y as follows: 



Uo+ [ HfdMt + Ar 
Jo 

E[Uo\To]+ [ Hl^dMs + At 
Jo 



Yo 



Ht^dMs + At, 0<t<T, 



and we set Zt := Hf^ and Ot := At, for every t S [0, T]. Then we get 
It = e - ZsdMs -{Or-Ot), 0<t<T. 

Uniqueness. Let {Y,Z), {Y',Z') be two solutions to the BSDE (12. ip under partial 
information associated to the terminal condition ^ E L^(r2, J^, P; M). We set {Y,Z) = 
{Y -Y',Z - Z'). Then (F, Z) satisfies the BSDE 



Yt 



Z,dM,- (Or-Ot), 0<t<r, 



(3.3) 
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with final condition Yt = 0. In addition, we have set O := O — O' in ()3.3p . where 
O and O' denote the square-integrable F-martingales with Oq = Oq = satisfying the 
orthogonahty condition 



E 



Ot / (ftdMt 



E 



T 



for all H-predictable processes ip such that E \Lpt\'^d{M)t < oo. Since {Y,Z) is a 
solution of (13.31). then 



iptdMt 



0, 



Yt = Yo+ / Z,dM, + 0t, 0<t<T. (3.4) 

JO 

Since the process Y is an F-martingale such that Ij' = 0, we have 

Yt = E [Yt\ Tt] = 0, for ah t € [0, T]. 
Thus Yt = Yt P-a.s., for every t € [0, T]. Then we can rewrite (|3.4p as follows 

ZsdMs + 0t, 0<t<T. 

By computing the predictable covariation of Jq ZgdMg + O and O and by taking the 
expectation of both sides in the equality, for each t G [0,T], we obtain 



= / Zsd{M,0)s + {0)t 
Jo 



E 



Z,d{M,0), 



Since Z and O are differences of solutions to the BSDE (12. ip . then E 
for t G [0,T], and it follows 

E [{0)t] =0, < t < T. 



/oZ,d(Af,0), 



(3.5) 



By Theorem 4.2 of since O is a square-integrable F-martingale null at zero, we have 
that — (O) is an F-martingale null at zero. Then by (|3.5p 



E [O^] = E [{0)t\ =0, < t < T, 

that implies 0| = P-a.s. for every t € [0, T] and then Ot = 0[ P-a.s. for every 
t € [0,r]. Now, let Y be the unique solution of ()2.ip for a certain H-predictable Z such 



that E 



< oo, i.e. 



Yt = Yo+ / ZsdMs + 0t, 0<t<T. 



I 



(3.6) 
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It only remains to prove that Z is unique. For t = T equation (|3.6p becomes 

Yt = ^ = Yo+ [ Z,dM, + Ot- 



JO 

By Proposition 13.21 Zt = Hf^ P-a.s., for each t G [0,T] and then Z is univocally deter- 
mined. This concludes the proof. □ 

4 Galtchouk-Kunita-Watanabe representation under par- 
tial information 

We now wish to provide an explicit characterization of the integrand process ap- 
pearing in the representation (|3.2p in terms of the one given in the classical Galtchouk- 
Kunita-Watanabe decomposition, by means in particular of the concept of H-predictable 
dual projection. 

Let ^ € J-y, P; M). We consider the well-known Galtchouk-Kunita-Watanabe de- 

composition of ^ with respect to M: 

^ = Uo+ [ HfdMt + dr, P-a.s., (4.1) 







where Uq £ J-q, the integrand H-^ = {H^)Q<t<T is an F- predictable process such that 
E \H'[\^d{M)t < oo and O = {Ot)o<t<T is a square-integrable F-martingale with 
Oo = such that {0,M)t = 0, for every t E [0,T]. Moreover, let us observe that 

In the sequel we will denote by "^X the H-predictable projection of a (generic) integrable 
process X = {Xt)o<t<T, defined as the unique H-predictable process such that 

E Tir-] = "XAlrKoo} ^ " a.S. 

for every H-predictable stopping time r. 

First we give a preliminary result under the additional assumption that the predictable 
quadratic variation (M) of the F-martingale M is an H-predictable process. In Theorem 
14.71 we extend such result to the general case. 

Proposition 4.1. Let {Uq, H-^ ,0t) be the triplet corresponding to decomposition (|4.ip 
of ^ L^(il, J-7^,P;M). Suppose that the predictable quadratic variation (M) of the F- 
martingale M is an M-predictable process. Then 

j-T 

^ = Uo+ Hf^dMt + OT, P-a.s., 

JO 



with 



C/o = E 



Un 



-Ho 



(4.2) 



Hl^=P{Hf), 0<t<T, (4.3) 
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and O is a square-integrable ¥ -martingale with Oq = Q such that E \Ot • ??] = 0, for every 
Proof. Let 



^ = Uo+ I HfdMt + Ot 



a.s. 



be the classical Galtcliouk-Kunita-Watanabe decomposition of ^ G L^(i7, J-q", P; M). By 
taking the expectation of ^ with respect to T-Lq, we have: 



(4.4) 



^0+ r HfdMt 


-Ho 


+ E 


Ot 


-Ho 


Jo 











E [C\ Ho] = E 

Since {Uq + Hf dMt) is an E-martingale, it follows: 
t-T 



E 



C/o+ / HfdMt 





E 
E 



E 











r HfdMt 






no 


Jo 









so that we can rewrite ()4.4p as follows: 

E [ei no] = E 



Uo 



nc 



+ E 



Ot 



Hr 



Moreover, since O is an F-martingale null at zero, we have 



E 



O 



■T 



Hr 



E 



E 



O 



T 



n. 



This implies equality ()4.2p . To prove equality (|4.3p . we need to calculate the orthogonal 
projection of ^ onto the space CJji, see (j3.ip . For the sake of brevity, we suppose that 
Uo = 0. Thanks to Proposition 13.21 this means we need to check the following condition: 



E 







E 



f P{Hf)dMt [ iftdMt 
Jo 



for every H-predictable process ip such that E \ipt\^d{M)t\ < oo. Taking decompo- 
sition ()4.ip into account, this corresponds to the following equality: 



E 



Hfiptd{M)t 



E 



nHf)^td{M)t 



for every H-predictable process (p such that E \ipt\'^d{M)t 
process as follows 



(4.5) 

< oo. If we write the 
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where (z?"*" and denote the positive and the negative part of (p respectively, and define 
the F-martingales 



VrdM^, < t < r, 



equahty ()4.5p is equivalent to the following relationships: 



E 
E 



Jo 

[ H[d{R-)t 
Jo 



E 
E 



^{Hf)d{R^), 



(,Hf)d{R-)t 



Hence, we can reduce the problem by assuming directly 994 = 1 in (I4.5p . for each t € [0, T]. 
Then, it is enough to prove the equality 



E 



E 



nHf)d{M)^ 



(4.e 



Since (M) is H-predictable, Theorem VI. 57 in j3| guarantees that equality ()4.6p holds, 
once we have the positivity of the process H-^. By writing 



H 



T 



{H^)+ - {H 



and applying the above theorem to the positive and negative parts of H-^, (H-^)^ and 
{H^)~ respectively, and to the associated H-predictable projections, we can get the 
result by setting 

□ 

Example 4.2. Let us consider the particular case where M is a square- integrahle F- 
martingale that is in addition a Levy process, Tt = ^ and Ht = , with r € (0, T) 

a fixed delay. We assume ^ = h{Mx) S ^^((7, J-y, P; M), for some measurable function 
/i : M — ^ M. 

In this framework, by Lemma \A.l\ (see Appendix), we know that the integrand appearing 
in the Galtchouk-Kunita-Watanahe decomposition ()4.ip can be written as 

H^ = F{t,Mt-), te[0,T], 

where the function F is such that the condition E \F{t, Mf-)\'^d{M)t < 00 is satis- 
fied. Since in this case (M) is a deterministic process, we can apply Proposition \4.1\ and 
get 

Hf^ =PF{t,M,-) =E[F{t,Mt-)\nt-], t€[0,T]. 
Then, it is easy to derive the following: 



H 



n 



c{t,M^t_,)-) ift>T 

c(t,Mo) ift<T, 
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where the function c is given by 

c{t,y)= I F{t,y + z)dptAriz), 



with pt denoting the law of Mt, for every t € [0, T]. 
4.1 The H-predictable dual projection 

It is possible to extend the result of Proposition 14. 1 1 by using the concept of H-predictable 
dual projection. For reasons of clarity, we provide a self-contained discussion about this 
kind of projection in presence of more than one filtration. Let G = {Gt)o<t<T be a 
cadlag F-adapted process of integrable variation, that is, E[||G||r] < oo. Here the 
process ||G|| = (||G||)o<t<T defined, for each t € [0,T], by 

n(A)-l 

||G||t(a;) = sup ^ \Gt,+l{^^) - Gt,{L^)\, 
^ i=0 



where A = {to = < ti < . . . < t„(A) 
variation of the function t — ^ Gt{uj). 



t} is a partition of [0,t], denotes the total 



Proposition 4.3. Let G = {Gt)o<t<T be a cadlag ^-adapted process of integrable vari- 
ation. Then there exists a unique M-predictable process G^ = {GY)o<t<T of integrable 
variation, such that 



E 



VtdG^t 



E 



ftdGt 



for every M-predictable (bounded) process ip. The process G'^ is called the H-predictable 
dual projection of G. 

Proof. Without loss of generality, we can restrict our attention to the case where G is 
an increasing process and prove the statement on the generators of the form p^ = 
l(s,t](^)l-B) with B G Tis and s,t G [0,T] with s < t. Indeed, decomposing the process 
G as G = G^ — G^ , where both the positive and negative parts of G are assumed to be 
increasing integrable processes, we can suppose G to be increasing such that 

E[Gt] =E[||G||t] < oo. 

If G is a cadlag, increasing, integrable E-adapted process, we will prove that there exists 
a unique increasing, integrable H-predictable process G^ such that for every G [OjT] 
with s < t and B G Hs, the following relationship holds 



E 



lB{Gt - G^ 



E[lBiGt-Gs)] 

Let G = {Gt)o<t<T be the H-optional projection of G, such that for fixed times t G (0, T] 

Gt = E[Gt\nt] 



a.s.. 
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We observe that for every s,t € [0, T] with s < t and B G Tig, we have 

E[lB{Gt - Gs)] =¥.[lB{Gt - Gs) . 

Indeed, 



E [lB{Gt - Gs)] = E [E [lB{Gt - Gs)\ns 



E 



1b E [GtW-G, 



E 
E 



Is E 



Gi 



n, 



G, 



E 



E 



IsiGt - Gs 



n. 



lB{Gt - Gs) 



Furthermore, since G is increasing, then G is an H-submartingale, that is 



E 



Gi 



Us 



^[¥.[Gt\nt]\n,\ = ^[Gt\ns\>^[Gs\ns] = Gs, o<s<t<T. 



Thanks to Doob-Meyer Theorem on decomposition of submartingales, see e.g. Theorem 
3.15 of 111, there exists a unique increasing, integrable H- predictable process G^ such 
that G — G^ is an H-martingale, that is, for every s,t £ [0, T] with s < t and B € Tis, 
we have 



E 



1b (Gt — Gs 



E 



1 /^H 



□ 



Remark 4.4. // G is an M-predictable process of integrable variation and X is an F- 



idapted process satisfying E XtdGt 



< oo, then 



(XtdGt)^ = P XtdGt, P - a.s., for every t £ [0, T]. 
Indeed, by Theorem VI. 57 in f^], for any M-predictable (bounded) process ip we can prove 



that 



E 



Jo 



nXtdGt 



E 



ft^XtdGt 



4.2 Explicit representation results 

We now can apply the results of Subsection 14.11 to extend Proposition 14.11 Let and 
V be the H-predictable and F-predictable c-field respectively. We consider the measures 
(respectively /u) defined on "P^ (respectively V) such that 

^x^{{s,t\^B)=^\lB{Af-£i 



B eUs, s,te [0,T], s <t, 



(4.7) 



where is the H-predictable dual projection of A := [f^ H^d{M)s)o<t<T, that exists 
thanks to Theorem 14^ and 



f,{{u,v]xF)=E lp((M)H - (M)H) 



F G J'u, u,v G [0,T], u < V. 



(4.^ 



Here H-^ is the integrand appearing in the Galtchouk-Kunita-Watanabe decomposition 
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Lemma 4.5. Let /^^ and fi measures satisfying conditions (|4.7p and ()4.8p respectively. 
Then ji^ <^ n on V'^, that is, fi^ is absolutely continuous with respect to the restriction 
of n on . 

Proof. By using the definition of absolute continuity, we wish to show that if whenever 
^[E) = for G P'^, then = 0. Let ip = {^pt)Q<t<T be a nonnegative H- 

predictable process such that 



E 



Jo 



0. 



Then 



E 



that impHes that ip = d(M) d¥ a.e., since ip is nonnegative. Finally 



E 



E 



iptdAt 



E 



□ 



Since fi^ <C /i on V^, thanks to Lemma 14.51 by the Radon-Nikodym theorem there 
exists a 'P^-measurable function g on [0, T] x Q such that 

l/^iE)= [ g{t,u;)d^iit,UJ), yE€V^. 

This allows to identify the process as the Radon-Nikodym derivative: 

dfx^{t,uj) 



dfi{t, Lo) 



■pH 



{t,u) G [0,T] X ^. 



(4.9) 



Finally, we are ready to state the following theorem. 



Theorem 4.6. For any nonnegative ¥ -measurable process , the following equality 
holds 



E 



^tH[d{M)t 



= E 









for every ^.-predictable process (p such that E 
by (US]). 



!^\^t?d{M)t 



< oo. Here 



(4.10) 



IS given 



Proof. By relationship (j4.9p and definition of the measure //, see (|4.8p . we have for every 
s, t G [0, T] with s <t and B el-Ls 

fi^{{s,t]xB) = f I i^;^(a;)d/i(u,a;) =E [ib f Hli-d{M)'A = E [l^ f Hl^d{M)u 
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On the other hand, by ()4.7p 

^'^{{s,t]xB) = E\lB{Af-Al 



E 



1b I H^d{M)u 



If if is of the form = with B € Hs and s,t € [0, T] with s < t, then the 

statement is proved since relationship (j4.10p is verified on the generators of V^. □ 

We now give the analogous of Proposition 14. H without assuming that the process (M) 
is H-predictable. 

Theorem 4.7. Let [Uq, H'^ ,0t) be the triplet corresponding to decomposition (|4.ip of 
^ € L'^{n,TT,f;R). Then 



rT 

^ = Uo+ / H^dMt + Ot, 
Jo 



(4.11) 



with 



Uo = E 



Hi" 



dfi^{t,u}) 



■pn 



{t,uj) £ [o,T] X n, 



where /i^ and ji are given in ()4.7p and (|4.8p respectively, and O is a square-integrable 
¥ -martingale with Oq = such that E [Ot ■ rj] = 0, for every rj € Cj:. 

Proof. We proceed as in the proof of Proposition 14.11 by observing that condition (j4.10p 
plays the same role of condition ()4.5p . □ 

In the next proposition we give a useful result which allows us to compute as the 
Radon-Nikodym derivative of the H-predictable dual projection A^ of the process A = 
(Jq Hfd{M)s)o<t<T with respect to the H-predictable dual projection (M)^ of the F- 
predictable quadratic variation (M). 



Proposition 4.8. The process A^ = (/^ Hfd{M), 
spect to (M)^ and it is given by 



is absolutely continuous with re- 



A 



H 



Jo 



H'^d{M)f, 0<t<T. 



As a consequence 



n 



dA} 



0<t<T. 



d{M)r 

Proof Set At := i?J^d(M)^, for each t € [0,T]. It is sufficient to prove that 



(4.12) 











E 


/ (pudAu 


= E 


/ (fudAu 




Jo 




Jo 
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for every H-predictable (bounded) process ip. As before, we can consider 93 of the form 

= l(s,t](^)lS) with B ^l-Ls and s <t ^ [0, T]. 
Then by the definitions of the measure ^ and /u^, see (|4.8p and (|4.7p . and recalhng (|4.9p 
we get 



E 



r 



E 



E 



1b / ^„^d(M)^ 



E 



1b I H^d{M)^ 



E 



which concludes the proof. 

Example 4.9. Suppose that the process (M) is of the form 



□ 



{M)t 



asdGs, 0<t<T 



for some ¥ -predictable process a = {at)o<t<T o,nd an increasing deterministic function 
G. Then by Remark\4-4\ 



{M)f=fpasdGs, Af=fp{Hfa,)dGs, 0<t<T, 
Jo Jo 



d as a consequence of Proposition [775| we get 



an 

^n^^EM^ 0<t<T. 
* Pat ' - - 

Remark 4.10. Let us observe that if the process {M) is ^.-predictable, then again by 
Remark \4-4 



{M)f = {M)t, Af=[ )d(M)„ < t < T, 

Jo 

and by applying Proposition \4-8\ we obtain that 



5 Risk-minimization under restricted information 

In relation to the connection between risk-minimization under full and partial informa- 
tion respecti vely , we now show how our result obtained in Proposition 14.81 fits in the 
approach of [l3| of risk-minimization under restricted information. 

On a probability space ($7, J^, P) we consider a financial market with one riskless asset 
with (discounted) price 1 and one risky asset whose (discounted) price is given by a 
square-integrable (cadlag) martingale M = {Mt)o<t<T adapted to a (large) filtration 
IF := {J^t)o<t<T- 

We will study the problem of hedging a contingent claim, whose final payoff is given by 
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a random variable ^ G L^(il, J^t^, P; M), in the case where investors acting in the market 
can access only to the information flow H := {'Ht)o<t<T with Ht J't, for each t S [0, T]. 
We choose the risk-minimization approach to solve the above hedging problem. In the 
case of full information, in [6] the authors proved that there exists a unique F-risk- 



minimizing hedging strategy 



{e*,r]*), where 9* 



)o<t<T is given by the inte- 



grand with respect to M in the classical Galtchouk-Kunita-Watanabe decomposition of 
^, i.e. 9* = H-^ (see equation (|4.1|) ). 

In this section we extend this result to the case where there are restrictions on the availa- 
ble information, by using the Galtchouk-Kunita-Watanabe decomposition under partial 
information (see equation ()3.2p ). More precisely, we prove that the H-risk-minimizing 
hedging strategy c/)^ = [9^,7]^) (see Definition 15.21 below) is such that 9^ = H^. 

Risk-minimization under restricted information was studied in [IS*] by using a differ- 
ent approach. We obtain the same explicit representation given in Theorem 3.1 of [l3| 
by applying Proposition 14.81 About risk-minimization under partial information for de- 
faultable markets via nonlinear filtering, we refer to j^. In particular, they consider 
the case where the contingent claim is "HT-measurable, in which we can solve the 
risk-minimization problem by using the classical Galtchouk-Kunita-Watanabe decompo- 
sition. 

We now assume that the agent has at her/his disposal the information flow H about 
trading in stocks while a complete information about trading in the riskless asset. 

Definition 5.1. An M-strategy is a pair (p = {9,7]) (9t is the number of shares of the 
risky asset to be held at time t, while rjt is the amount invested in the riskless asset at 
time t) where 9 is M-predictable and r] is ¥ -adapted and such that 



E 



d(M), 



< oo 



and the value process V{(t)) ■= 9M + rj satisfies 



E 



sup jVt(0)[ 
ie[o,T] 



< oo. 



For any H-strategy (p, the associated cost process C{(j)) is given by 

ft 



CticP) := VticP) 



rdMr, 0<t<T. 







Finally the H-risk process of (f) is defined by 

Rt{^) := E [(Ct((/>) - Ct{(l))f\nt\ , < t < T. 

Definition 5.2. An M-strategy (j) = {9, rf) is called M-risk-minimizing ifVri^') — ^ P-a-s. 
and if for any M-strategy ip such that Vt{iP) = ^ P-a.s., we have Rt{4>) < -Rt(V') P-a-S- 
for every t G [0, T]. 
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Remark 5.3. By Corollary 3.1 in fTS] we have that ifcj) = {9,r]) is anH-risk-minimizing 
strategy then (j) is mean- self -financing, i.e. the cost process C{(j)) is an ¥ -martingale. 
Moreover, if (p = {6,r]) is a mean-self-financing M-strategy, thenV{(l)) is an¥ -martingale, 
hence for a given ^ G L^(r2, Ft, P; K), we have that Vt{(t)) = E [(^| Tt\, for every t G [0, T]. 

To prove the main result of this section, we need the following Lemma. 

Lemma 5.4. Let O = {Ot)o<t<T be a square-integrahle ¥ -martingale with Oq = 0, 
satisfying the orthogonality condition 



E 







for all M-predictable processes ip = {^pt)o<t<T such that E \ipt\^(l{M)i 
for any t € [0, T] 



< oo. Then 



E 



P-a.s.. 



{OT-Ot)J^ ^sdM, 

Proof. Since for any H-predictable process ip 

\t,T]{s)lB^s, Bent, t€[0,T), 

is H-predictable, we get 



E 

and then 



E 













= E 


IsE 


Ot j ^sdMs 

















0, V5 G Tit, 



T 



Ot / VsdMs 



-Ht 



a.s.. 



Finally, let us observe that 



E 



Ot 



iPsdMs 



-Ht 



E 



Ot 



-Ht 



E 



Ot / v9,dM, 



-Ht 



since 



























E 


Ot j PsdMs 
Jo 


-Ht 


= E 


E 


Ot j p>sdM, 
Jo 


Tt 




Ut 


= E 


Ot [ fsdMs 
Jo 


-Ht 



and this concludes the proof. 



□ 



We are now in the position to provide an alternative proof to that given in |13| , concerning 
the explicit representation for an H-risk-minimizing strategy, by applying the Galtchouk- 
Kunita-Watanabe decomposition under partial information and the representation result 
given in Proposition 14.81 
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Theorem 5.5. For every i G L2(17,7't,F;M), there exists a unique M-risk-minimizing 
strategy (j)^ = {6^,rj^) such that 9^ = H^, where is given by (|4.12p and rjf^ = 
E [^1 Tt] - O't'Mt, for every t G [0, T]. 



Proof. The proof is similar to that of Theorem 2.4 of |l4| performed in the full informa- 
tion case. Let (j) = {0,rj) be a mean-self-financing H-strategy such that Vt{(P) = P-a.s.. 
Hence, by computing the Galtchouk-Kunita-Watanabe decomposition under partial in- 
formation, see (|4.1ip . we have 



Cr(</>) - CticP) = VricP) - Vt{(l)) - / 0.dM, = C - ^^(0) 



Uo+ Hf^dMt + Or- OsdMs-Vti^), 
Jo Jt 



where is given by (|4.12p . Since Vt{(t)) = E[£^\J^t], for every t G [0,T], see Remark 15.31 
we get that 

VticP) = Uo+ [ Hl^dMs + Ot 
Jo 



and 



Ct(<A) - = ^ {Hl^ - es}dMs +Ot- Of 

By similar computation we get that 

Ct(</)^) - CM'^) = 0t- Ot. 

Finally 

(Ct(<A) - CM)? = (Cr(<A^) - + ( j^{H^ - OMMs 

rT 

+ 2(Ot - Ot) {H'^ - OsjdMs 
and by Lemma 15.41 we obtain that 



RM) = RM'^)+E 



■Ht 



> Rt 



Hence (j)^ is H-risk-minimizing. If some other is also H-risk-minimizing then 



E 

















no 


= E 


r{H^-esfd{M)s 

Jo 


no 


= 



which implies H'^ = 9. Since 14(0) = Vt{(p'^) = E [^| J^] for each t E [0,r], we also 
obtain d> = 6^. □ 
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In the rest of the section we investigate the case where there is a relationship between the 
information flow H and the filtration generated by the stock price M, that we denote by 
F^^. A possible choice is the assumption that investors acting in the market have access 
only to the information contained in past asset prices, that is EI = F^. Such a situation 
has been studied for instance in and i for stock price dynamics with jumps. In the 
sequel we will assume EI C F^, which takes also into account, for instance, the case 
where the asset price is only observed at discrete times or with a fixed delay r € (0,T), 
i.e. Tit = for every t G (0,T). 

In a such particular case, when in addition ^ € L'^{Q,,J-^^,F;M.), we can find an H-risk 
minimizing strategy, (j)^ = (6'^,r]^), where 9^ is El-predictable and rj^ is F*^-adapted, 
while in the general case r/^ has been taken F-adapted. This means that we study the 
situation where the agent has at her/his disposal the information flow EI C F*^ about 
trading in stocks and the filtration F^"^ about trading in the riskless asset, and when 
H = F'^ the same information flow. 

More precisely, from now on we restrict ourself to consider H-strategies (p = {9,r]) as 
in Definition 15.11 where rj is chosen F*^-adapted. 

Remark 5.6. Let us observe that given an M-strategy (p = {0,rj), the associated value 
process := 9M -\-r] turns out to be -adapted. By Corollary 3.1 in we have 

that if (p = {0,7]) is an M-risk-minimizing strategy according to this new definition, then 
(f) is mean-self-financing, i.e. the cost process C{cj)) is an W'^ -martingale. Moreover, if 
(f> = {9,r]) is a mean-self-financing M-strategy, then V{(f)) is an Y'^'^ -martingale, hence 
Vt{ct>) = ], for every t G [0,r]. 

We are now ready to give the following result. 

Theorem 5.7. For every ^ G L^(0, J-"/^^, P; M), there exists a unique M-risk-minimizing 
strategy 0^ = {9^,r]^) such that 9^ = H^, where is given by (|4.12p and rj^ = 
E[i\J't'^] - Ot^Mt, for every t G [0,r]. 

Proof. Since ^ is Jji^-measurable, by decomposition (j4.1ip we obtain that 

fT 

e = m^¥] = Uo+ Hf^dMt + E[OT|-Ff ], 
Jo 

where is given by ()i32]l . Set Ot := E[Ot|J"/^], for each t G [0,r]. It is known that 
O is an F^-martingale and 





r 1 








/ H^dMt 




r /"^ 1 


E 


Ot / Hf^dMt 


= E 


E 


OtIJ't^ 


= E 


Ot / Hf^dMt 




Jo 








Jo 




Jo 



Therefore we obtain the Galtchouk-Kunita-Watanabe decomposition of ^ under restricted 
information with respect to the filtration F^^, that is 

^ = Uo+ / H^dMt + OT, P-a.s.. 
Jo 
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The rest of the proof follows from Theorem 15.51 by replacing the filtration F by F^^ and 
the F-martingale O by the F*^-martingale O. □ 
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APPENDIX 



A Technical results 

Recall that M = {Mt)o<t<T is a square-integrable F-martingale and assume that F = 
)o<t<T, i-e. the information flow F coincides with the canonical flltration 

F^-^ of M. 

Lemma A.l. Let M be a Levy process and ^ = h{MT) € -L^(J7, .F^^, P; R) for some 
measurable function /i : M — )• M. Then, there exists a measurable function F : [0, T] xM ^ 
M such that 



e = E[C]+ / F{s,Ms^)dMs + dT, 



a.s.. 



where O = {Ot)o<t<T is a square-integrable F -martingale null at zero such that {O, M) 
0, for every t G [0,T]. Moreover, the following integrahility condition is satisfied 



E 



\F{s,Ms-)\^d{M), 



< oo. 



Proof. If ^ is given as a Fourier transform of Mj', that is, the function h is of the form 



h{x) 



e*"^'di/(a), for aU x G 



(A.l) 



was 



where v is a, finite measure, the result is contained in Proposition 4.3 of [o'], which 
an adaptation of |1Q] . 

As a consequence, the thesis follows once we show the existence of a sequence (/in)neN 
of functions of the kind (jA.ip such that 



E 



\hn{MT)-h{MT)Y 



0. 



(A.2) 
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To see that, denoting by Fn{t, Mt-) the integrand in the Galtchouk-Kunita-Watanabe 
decomposition of hn{MT), n € N, we can proceed as in the proof of Lemma [3.1l and we get 
that the sequence {Fn{t, Mt-))n£^ converges in L'^{Q, d{M)^dF) to the integrand H"^ in 
the Galtchouk-Kunita-Watanabe decomposition of h^Mx)- Now, there is a subsequence 
converging d(M) dP-a.e. to the F-predictable process (Hf )o<t<r and for almost all 
t G [0, T], H^^ is c7(Mt_)-measurable. Finally this implies the existence of a measurable 
function F : [0, T] x M ^ R such that Hf = F{t, Mt-). 

It remains to show the existence of a sequence (/in)nGN of functions of type (|A.ip verifying 
(jA.2p . If pT is the law of Mt, (|A.2p . translates into 

/ (Kiy) - h{y)fdpT{y) > 0. (A.3) 

Since pT is a finite non-negative measure, it is well-known that the space of smooth 
functions with compact support is dense in L?'{pj')- This implies that the Schwartz space 
5(M) of the fast decreasing functions is dense in L?'{pt)- Let {hn)n&i belong to 5(M) such 
that ()A.3p . and consequently, (jA.2p holds. Since the inverse Fourier transform J-""^ maps 
into itself, then we observe that /i„ are of the type (jA.ip with vida) = T~^hn{a)da. 

□ 
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